Concepts like peculiar velocity, gravitational force, and power spectrum and their interrelationships are of utmost importance in the theories of structure formation. The observational implementation of these concepts is usually based on the Newtonian hydrodynamic equations, but used up to scales where general relativistic effects come in. Using a perturbation of FRW metric in harmonic gauge, we show that the relativistic effects reduce to light cone effects including the expansion of the universe.
INTRODUCTION
Although cosmology has been one of the first areas of application of general relativity, in physical cosmology we encounter rarely general relativistic considerations. Relativistic effects are commonly restricted to either areas of very high density, like black holes or neutron stars, or global cosmological effects, like global dynamics of FRW models. In theoretical implementations of observational cosmology, such as theoretical interpretation of the Two-degree Field(2dF)-and the Sloan Digital Sky Survey (SDSS)-projects, the Stromlo-APM redshift survey (Tadros and Efstathiou 1996) , and the Las Campanas redshift survey (Shectman 1996) , one usually rely on basic Newtonian dynamics ( Peebles 1980 , Bertschinger and Deckel 1989 , Padmanabhan 1993 . The correct theoretical interpretation of these surveys needs a through understanding of structure formation processes in the universe, mainly objects of scales greater than galaxies and at cosmological distances. It is obvious that at such scales one can not use the full formalism of general relativity to study the dynamics of structures and one has to rely on some approximation methods.
In relativistic jargon, the Newtonian limit means gravity in the vicinity of objects having 'small' mass, or expressing it more exactly, where the ratio of the Schwarzschild radius to object radius is a very small number (Misner et al 1978) . But one never discuss the relativistic effects on cosmological parameters in the intermediate scales where the relativistic effects due to the mass concentration is negligible. This is exactly the case in the theory of structure formation. For small density contrasts it is used to apply the Newtonian dynamics to the linear theory of structure formation. But even if one tries to apply the linear theory of structure formation to evaluate the observational data general relativistic effects due to large extent of the objects or their distances come in. This is exactly the point which has been neglected in theoretical studies up to now and we are going to consider it.
The problem is to formulate an approximation method within general relativity for cases where we have small density perturbation in a FRW model for intermediate regions smaller than the Hubble radius but large enough to be forced to consider light cone effects. Specifically, we will calculate the relation between the density contrast and the peculiar velocity in clusters within the general relativity and compare it to the well known Newtonian relations. The formalism developed here shed some light on the methodology of the calculation of different so-called light cone effects which has recently been published ( see e.g. Nishioka and Yamamoto 1999; Matarrese et al 1997; Nakamura et al 1998, de Laix and Starkman 1998 ; Moscardini et al 1998) . The relativistic calculation helps us to understand more systematically the complex role of different cosmological parameters which come in once we try to understand theoretically the observational data on density contrasts and peculiar velocity to obtain a reasonable cosmological model (for review see Dekel 1994; Strauss and Willick 1995; Strauss 1996; Dekal 1997 and Sigad et al 1998) .
In §2 we review the basic hydrodynamical equations based on the Newtonian gravity. In §3 a perturbation formalism for FRW universes in harmonic gauge is given. Using this approximation formalism, we obtain a relativistic relation between the density contrast and the peculiar velocity in §4. §5 is devoted to the power spectrum. The general relativistic β−value is then calculated in §6. In §7 we bring a comparison with the observational data.
And finally in §8 we summarize the main points of this study.
Throughout the paper we choose the signature (−, +, +, +), and assume c = 1, except where indicated.
LARGE SCALE VELOCITY FIELD
Basic hydrodynamical equations used to study the peculiar velocity of structures in the linear regime are the continuity and the Poisson equation:
is the density contrast in the homogeneous and isotropic universe with the background density ρ 0 . The peculiar velocity is defined by v(r) = u(r) − H 0 r, where u is the velocity of cosmic fluid, H 0 is the Hubble constant, and r is the physical distance.
Within the Newtonian gravitational theory, the following relation between the density contrast and the peculiar velocity is then derived (Peebles 1980) :
where b is the biasing factor defined by δ galaxy = bδ,
≃ Ω 0.6 with D(t) the time-dependent factor of the density contrast function. This equation can also be written in the differential form
Note that in general f depends also on Λ. However it has been shown by Lahav et al(1991) that the effect of Λ is negligible. We therefore ignore the Λ-dependence of f (Ω, Λ). In the non-linear regime, the above relation may be generalized to (Bernardeau 1992) 
We will limit ourselves to the linear case and show in the next section how to generalize these relations to relativistic cases of interest.
PERTURBATION OF FRW METRIC IN HARMONIC GAUGE
We intend to study the peculiar velocity of a linear structure in FRW space-time. The structure is assumed to be large enough to take part in the cosmological expansion, yet smaller than the present Hubble radius, with a density contrast small enough to justify the use of the linear theory.
This is in contrast to the familiar textbook approach which uses Newtonian gravity for the linear regime in the scales less than the Hubble radius. Over the past decades, perturbation of FRW space-times have been studied using different gauges like synchronous-, Poisson-, and restricted-gauge (for review see Bertschinger 1995; Mukhanov et. al (1992) ). These gauges are, however, not suitable for our purposes.
As we know from the comparison of the weak limit of general relativity to Newtonian gravity, the harmonic gauge is the most suitable one playing the role of the Lorentz gauge in electromagnetism as contrasted to the Coulomb gauge. Therefore, we try to formulate the corresponding gauge in the perturbed FRW space-time.
Consider a small perturbation of FRW metric in the form 
where
is the four-velocity of the perturbed cosmic fluid, we may write its perturbed component as follows:
where we have used the definition δ = δρ ρ 0
and ignored higher order of perturbation. Now, using the familiar harmonic gauge
we obtain the (00)-component of the Einstein equation, after some lengthly calculations, in the following form:
Note that for a = constant, i. e. with the characteristic time of changes in the cluster, τ , which is less that λ. It is then obvious that the second and third term which are of the order of (t H τ ) −1 and t
−2
H respectively are ignorable relative to the first term which is of the order of τ −2 . Therefore, taking the definition of the gravitational potential of the perturbing field, φ, as h 00 = −2φ, we obtain finally for the perturbed field equation
where spatial derivatives of φ are in terms of the physical coordinates r, i.e. the comoving space coordinates times the scale factor a(t). Hence, we see that the dynamics of perturbing potential obeys the same equation as in the case of relativistic radiation, taking into account the difference between comoving-and physical-length. We may write therefore the potential in the retarded form:
Now, the gravitational acceleration g = − ∇φ due to the above gravitational potential is given by
Note that the background density in the FRW universe is ρ ∝ a −3 , and in the linear regime we are considering we have δ ∝ a. It is then easily seen that the ratio of second term to the first one is of the order of
. Therefore, the second term may be ignored and we obtain finally
One may therefore interpret the gravitational effect of such linear perturbations at intermediate scales as the Newtonian one with two modifications:
i. All coordinate lengths should be understood as physical and therefore have to be multiplied by the cosmological scale factor a(t).
ii. The time coordinate should be replaced by the retarded time which means taking into account the finite velocity of light or doing the calculations on the light cone.
This justifies the recent modifications to the Newtonian calculations of different cosmological parameters related to the structure formation which are coined with the term 'light cone effects', (see Matarrese et al 1997; Nakamura et al 1998; Nishiko and Yamamoto 1999) .
The equation (16) may also be written in the differential form. By taking the divergence of (16) and ignoring terms of the order of
, we obtain:
which is of the same form as the Newtonian Poisson equation except for the modifications discussed above.
The corresponding continuity equation can be obtained through the Bianchi identities. We therefore consider the conservation of energy-momentum tensor in the harmonic gauge. Now, using the equations (6-11), the zero component of the Bianchi identities as the conservation of the energy-momentum,
leads toδ
The third and fourth terms are small relative to the first and second term. This can best be seen by rewriting equation (19) in the Fourier space:
In the linear regime, the first term is proportional to˙a a δ k . From (4) it is easily seen that the second term is of the same order of magnitude as the first one. To estimate the third term we note first that h (k) 00 is essentially the potential energy obeying the Newtonian relation
Taking the time derivative of the corresponding equation in Fourier space we easily obtain
The two terms on the right hand side of this equation are of the order of (
Therefore, the third term in (20) is of the order of (
2 times the first or the second term and is therefore ignorable.
To estimate the forth term in (20) we consider the i0 component of the Einstein equation
by taking into account that λ < d H :
Taking the Fourier transformation of the above equation and using the equation (1), we obtain kh
which is small relative to the first and second term and can be ignored. Therefore the equation (20) may be written asδ
and correspondingly we obtain the final form of the equation (19):
We have therefore seen that by perturbing the matter dominated FRW universe in harmonic gauge the same Newtonian hydrodynamic equations (1 and 2) are obtained with the two modifications discussed above. Combining the equations (17 and 25) and using the fact that in the linear regime δ ∝ a we obtain
Omiting ∇ from both sides and substituting g from (16), we obtain for the peculiar velocity
In the following sections we will rewrite the above relativistic expression in terms of observational parameters and will compare it to the corresponding Newtonian results.
RELATIVISTIC DERIVATION OF THE PECULIAR VELOCITY FROM DENSITY CONTRAST
Assume a cluster of galaxies, G 1 , G 2 , ...G n , at a large distance from us. Take two typical galaxies G 1 and G 2 (Fig.1) . For the purpose of calculating the relation between density contrast and peculiar velocity we need the gravitational action of G 2 on G 1 . The situation is best visualized in a space-time diagram. The world lines of G 1 and G 2 cross our past light-cone at the observation event O at P and Q respectively. These events correspond to our observation of the galaxies. But the action of G 2 on G 1 is defined through another event: crossing of the past light-cone of P and the world-line of G 2 . Call this event R (Fig.1) . Times corresponding to each of the events P, Q, and R are characterized by the corresponding subscripts. Our observation time at the event O is given by t = t 0 . Now, we have to calculate the relation between v pec and δ(x) using observed data on P and Q.
Note first the following relations between time and space coordinates of the events P and Q, taking again c = 1:
Let G 1 be the reference galaxy. The action of any other galaxy, like G 2 , on G 1 is along the past light-cone of events on the world line of G 1 . It is easily seen that the time G 2 acts on G 1 is given by
where r R is defined as the space coordinate of the event R. Within the approximation we are interested in, one can replace r R by r Q ≃ r R . Therefore the above relation can be written as
Now, equation (27) can be written in terms of space time coordinates at P and R:
Quantities depending on R have to be reformulated as functions of space time coordinates of Q. This is done in two steps. First we expand H(t P ) in terms of H 0 and ρ(t R ) in terms of ρ(t P ):
where we have used the Friedman equations
Substituting now the equation (33,34) in (32), we obtain
Note that the range of integration is taken as large as desired. Now, terms depending on the event R have to be replaced by those depending on Q. Denoting the relative velocity of G 2 with respect to us as V , we obtain
Here v 0 is the peculiar velocity of us with respect to CMBR and v pec is the peculiar velocity of G 2 . Using the relations (28-30) and (39), the equation (38) may be written in the form
For large scales we are considering, the term proportional to v 0 − v pec can be neglected relative to H 0 r Q . We may also use the following relation which is easily understood:
Now, let us expand the density contrast δ(t R , r R ) around ( r Q , t Q ):
Assuming the density contrast to be proportional to the scale factor a(t), it is seen that the time derivation of the density contrast is given by
Substituting this in (42), we obtain
Substituting for t R and t Q from (31,29) respectively we obtain finally
We have still to write the measure of the integral in equation (32), d 3 r R , in terms of the observed volume d 3 r Q :
From equation (40), ignoring higher order terms, the Jacobian is obtained to be
It can easily be seen that, within the approximation we are considering, it is allowed to replace in the above relation the divergence of the velocity by the density contrast from equation (2) to obtain the final result:
Replacing now all terms corresponding to the point R with those defined at the point Q,
we obtain finally for the peculiar velocity
and
To simplify the results and to have an estimation of the corrections to the Newtonian expressions, we take a closer look at different terms in (51). Let us first distinguish between F 1 − F 4 , and F 6 on one side and F 7 − F 9 on the other side. The latter terms are typically of the order of formers times the fraction of the peculiar velocity divided by the Hubble velocity, being of the order of 10 −2 . Therefore, the latter terms may be neglected. The term F 5 contains the factor r Q · ∇δ which is vanishing in general. To see this, consider a cluster around r Q . Because of the symmetric distribution of matter in the cluster the gradient term accept positive and negative values while r Q is almost constant. Therefore, one may assume that the integral in F 5 is vanishing. The same is true about the contribution of the term r Q · r P | r P − r Q| 2 in F 1 . This is due to the large extent of our integration domain represented by r Q . Now, for Stromlo-APM-and Las Campanas-redshift survey we may assume the distance to the cluster to be of the same order as the extent of the cluster, L, so that we
A closer look at the remaining terms shows that F 1,3,4,6 are of the order of or bigger than F 2 . We may therefore write
Substituting now G in equation (50) we obtain finally
where c is explicitly inserted again. In the limit c → ∞ we obtain the Newtonian value for the peculiar velocity, v N , which is just the first term on the right hand side of (50).
Therefore, the relative relativistic correction to the peculiar velocity up to the first order of 1 c is given by
where we have taken the absolute values for the velocities and added the subscripts rel and N to emphasize the relativistic corrections. Taking the divergence of the equation (50) we obtain a relation between the density contrast and the divergence of the peculiar velocity:
Here again, in the limit c → ∞ the second term on the right hand side vanishes and we get the familiar Newtonian expression for the density contrast, which will be denoted by δ N (r P ). Now, to distinguish the density contrast appearing on the right hand side of (65) from the Newtonian value, we call it δ rel . The equation (65) is now written as:
In the following sections we will calculate the density and velocity power spectra for both Newtonian and relativistic cases and compare it to the observational data from Stromlo-APM-and Las Campanas-redshift surveys.
POWER SPECTRUM: NEWTONIAN VERSUS RELATIVISTIC CASE
Take the correlation function of density contrast as
defined in a cosmological volume V . For simplicity we will omit hereafter the subscript P in r P . The power spectrum is given by the Fourier transform of the correlation function:
Using relation (66) between the Newtonian and relativistic density contrast, substituting it in (67) and ignoring higher order terms in δ, we obtain the following relation between the Newtonian-and relativistic-correlation functions:
The divergence term on the right hand side is calculated in the Appendix A and is given by
Using this relation and taking the Fourier transform of (69) the following relation between the Newtonian-and relativistic-power spectrum is easily obtained:
In the limit c → ∞, the Newtonian value is regained.
β-VALUE: NEWTONIAN VERSUS RELATIVISTIC
Let us now calculate the relativistic velocity power spectrum. The peculiar velocity is now expressed in terms of its Fourier components:
where V is the space volume considered. Its power spectrum is defined as
is an isotropic Gaussian field, then the different Fourier components are uncorrelated and the power spectrum provides a complete statistical description of the field. The Velocity spectrum is given by
As we have shown in the appendix B, the Fourier transform of (63) leads then to the following relation between the Newtonian-and relativistic-velocity spectrum:
The Newtonian spectrum is independently obtained by taking the Fourier transform of (2):
. These relations are obtained in terms of real space expressions in contrast to power spectrum data which are obtained in the redshift space (Kaiser 1987) . It is used to change the factor β 2 in front of the term on the right hand side of (76) to F (β) to account for the transformation between redshift-and real-space. Therefore we may write the final equation in terms of redshift data in the form
Now, using (75) the relativistic velocity spectrum will be given in the form
In the next section we will compare these relations with observational data.
COMPARISON OF NEWTONIAN-AND RELATIVISTIC-POWER SPECTRUM WITH OBSERVATIONAL DATA
Let us now consider the power spectrum of galaxy distribution that has been determined from different redshift surveys and compare it with our results. The power spectrum of galaxy distribution in the Stromlo-APM redshift survey has been computed by Tadros & Efstathiou (1996, hereafter TE) . The median redshift of the Stromlo-APM survey is z = 0.05. TE estimated the power spectrum of density fluctuation using different volumelimited and flux-limited samples. According to their computations, the power spectrum of galaxy distribution has a peak at the wavenumber k 0 = 0.052hMpc
The following fitting function describes the power spectrum in the Stromlo-APM survey (Gramann 1998):
where k 0 = 0.052hMpc −1 , P (k 0 ) = 3.16 × 10 4 h −3 Mpc 3 , n = 0.5 if k < k 0 and n = −2 if k > k 0 . This function is consistent with the power spectrum in Stromlo-APM at a confidence level of ∼ 70%.
The observational data on power spectrum of velocity fluctuations has also been fitted by the following function (Kolatt and Dekel 1997) :
where k 0 = 0.052hMpc −1 , V (k 0 ) = 496Kms −1 , n = 1 and m = 1.85. This function is consistent with the data at a confidence level of > 99%. Now, to compare the observational data for velocity power spectrum with the corresponding Newtonian or relativistic expressions obtained in the previous sections we use the fitting function (80) for density power spectrum from Stromlo-APM survey and substitute it in (76) and (78) respectively:
for n = 0.5 if k < k 0 and n = −2 if k > k 0 , and
In Figure 2 we compare the KD observed amplitude of velocity spectrum with the corresponding Newtonian and relativistic expressions for the value of β = 0.554. As we can see from this figure the relativistic expression is closer to the observed value than the Newtonian one. The difference to the Newtonian formulae is bigger for smaller values of k, i.e. for larger structures. The KD observed value for the velocity rms amplitude is consistent with the Stromlo-APM survey in the Newtonian case if one takes β ≃ 0.8 − 0.9. Now, our relativistic calculation brings this value down to β ≃ 0.75 − 0.85 (Fig. 3) .
We may also take the Las Campanas redshift survey which contains 23,697 galaxies, with an average redshift of z = 0.1, distributed over six slices in the north and south Galactic caps (Shectman et al. 1996) . The observed power spectrum of galaxy clustering in the Las Campanas survey can be fitted by
where k 0 = 0.06h −1 Mpc, P (k 0 ) = 1.28 × 10 4 h −3 Mpc 3 , n = 1.2, and m = 1.8. This function is consistent with power spectrum in the Las Campanas survey at a confidence level of 99% (Gramann 1998). Similar to the calculations in the previous section we obtain the following expressions for the corresponding Newtonian and relativistic velocity spectrum: Figure 4 shows the amplitude of velocity spectrum for β = 0.7 using the observed KD values compared to the Newtonian and relativistic expressions. As one can see again from this figure, the relativistic expression is closer to the observed value. In this case too one may ask for a β-value which makes the Newtonian expressions consistent with that of KD.
As a result we obtain β N ≃ 1.0. Asking for consistency of the relativistic value, one obtain β rel = 0.94 (Fig. 5 ).
There is an extensive literature on measuring β (for reviews, see e.g. Dekel 1994 Dekel , 1997 Sigad et al 1998) . For example, Sigad et al comparison is carried out within volumes of effective radii 31 − 46h −1 Mpc, and leads to β = 0.89 ± 0.12. As we have seen above β enters the equations through the function F (β), which also includes the redshift correction. Our light-cone calculation could also be interpreted as leading to a correction of the F -factor, called F rel given by (79), which depends not only on β but on k too. Taking this relativistic F -value, and the corresponding observational data from the work of Sigad et. al., we obtain β = 0.85 ± 0.12 which is less than the corresponding Newtonian expressions.
SUMMARY
Any observation in cosmology is carried along the light cone and not on a space-like slice defined by a definite time-the observer time. However the difference between the two procedures are usually ignorable, which leads to the usual ignorance of the light cone effects and the finite signal velocity. At cosmological distances this difference can leads however to observable effects.
Here we have calculated the peculiar velocity-density contrast relation in a cluster of galaxy taking into account the finite signal velocity. The result differs from the familiar Newtonian relation through a lengthly term which can however be simplified for a typical cluster. The estimation based on this simplification depends on the extend of the cluster; the larger the extent the bigger the difference. Therefore, this effect may partially compensate the discrepancy seen in the processing of the observational data. In particular, we have seen that light cone effects leads to smaller β-values, corresponding to less dark matter needed to match the observational data.
APPENDIX A
Let us calculate the term ∇ · G(r) appearing in (66) and (69). Using (52-60) we may write ∇ · G(r P ) = 3H 2 0 f (Ω) 4πb r P · r Q |r P | |r P − r Q | 3 δ(r Q )d 3 r Q − 3H 2 0 f (Ω) 4πb
The symmetric distribution of matter in large scales leads to positive and negative values for r P · r Q in the first integral which makes it vanishing. The second integral on the right hand side may be written as
< δ > L. The average value of density contrast, < δ >, taking the domain of integration sufficiently large, does vanish too. We then obtain finally ∇ · G(r P ) = − 4H 2 0 f (Ω) 3b |r P | δ(r P ).
APPENDIX B
In order to derive the Newtonian power spectrum we substitute equation (70) in (69):
Taking the Fourier transformation of it we obtain P N (k)e ik.r d 3 k = P Rel (k)e ik.r d 3 k
Putting for simplicity r ′ = 2π k we may write e ir ′ .(k+k ′ ) d 3 r ′ = (2π) 3 δ 3 (k + k ′ ), which leads to
Calculation of the velocity power spectrum is similar to above procedure. One start with equation (73) 
cone of P , gives the moment at which G 2 acts on G 1 being effective at P . 
